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 
Abstract—Microwave undulators can achieve smaller wiggler 
periods when compared with permanent magnet undulators. This 
work follows on the design of a microwave undulator composed of 
a corrugated waveguide operating at 36 GHz. Compatible end 
caps and coupling structures for the waveguide to form a complete 
cavity were studied and are presented in this paper. Their design 
is scalable for different operating frequencies and periods of the 
corrugated waveguide. A set of empirical equations, that allows 
the geometry to be determined analytically, were found from the 
post-processing of the FDTD simulation.  
 
Index Terms— microwave undulator, free electron laser, 
corrugated waveguide, coupler.  
I. INTRODUCTION 
he undulator is one of the most important components in 
a free electron laser (FEL) [1, 2]. Short-wavelength 
radiation is generated when a relativistic electron passes 
through a periodic transverse magnetic field generated by an 
undulator [2]. The periodic transverse magnetic field can also 
be generated by an electromagnetic wave with the proper 
operating mode, which is the principle of a microwave 
undulator [3, 4].  
Compared with an undulator composed of permanent 
magnets [5] or superconducting coils [6], the microwave 
undulator is advantageous due to its ability to achieve a short 
undulator period through operating at high frequency. Its 
polarization and the equivalent magnetic field strength can also 
be easily controllable by varying the polarization and power of 
the driving microwave source [7]. 
The microwave undulator can either operate in the standing 
wave mode by using a cavity structure or the backward 
traveling wave mode by using a waveguide structure [8-11]. A 
microwave undulator using a cavity composed of a corrugated 
waveguide operating at X-band has been designed and tested in 
SLAC. It achieved an equivalent magnetic field 𝐵𝑢 of 0.65 T 
and an undulator period of 13.9 mm, when it was driven by a 
50 MW klystron at 11.424 GHz [11]. Using the same concept, 
a microwave undulator operating at 36 GHz was proposed for 
the CompactLight and UK XFEL [12]. A microwave undulator 
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with 1.75 mm period operating at 91.392 GHz was designed 
and presented in publications [13, 14]. 
 To achieve a high 𝐵𝑢  comparable to the state-of-the-art 
permanent magnet undulator [15], the microwave undulator is 
required to operate with power at the tens of MWs level. The 
Ohmic loss therefore becomes an important issue. A smaller 
Ohmic loss not only reduces the thermal load, relieving the 
cooling requirement for such high power applications, but also 
increases the quality factor Q. Since 𝐵𝑢 is proportional to Q
1/2 
when the input power and operating frequency are fixed, 
reducing the Ohmic loss will result in higher 𝐵𝑢 [12].  
In the cavity-type microwave undulator, the Ohmic loss 
includes the loss from the waveguide wall and the caps at both 
ends. The Q factor is also determined by the coupling aperture. 
Once the operating frequency and mode are determined, the 
geometry of the waveguide, and thus its Ohmic loss, will be 
almost fixed leaving the geometry of the end cap an important 
issue. In papers [11, 13], a high Q cavity has been achieved 
using tapered waveguides and circular caps at both ends. The 
coupling apertures were placed at the positions of small field 
strength to minimize the impact on the eigenfrequency and the 
field pattern of the operating mode. The measurement results 
were excellent, however no details were presented. While in 
paper [12], only the properties of the corrugated waveguide 
were studied, and the coupling structure was not investigated. 
Although it is possible to get an acceptable design by carrying 
out a large number of parameter scans, it should be noted that 
the microwave undulator is usually long, with a scale of meters. 
The simulation time is long and requires large computing 
resources. 
In this paper, the structure of the end caps and the positions 
of the coupling apertures were studied to maximize the Q factor 
and the design is presented in detail. The design methodology 
has the following advantages: (1) a set of empirical equations 
were found to quickly determine the parameter range of the 
geometry. (2) The design is scalable as the equations were 
normalized to the operating frequency. (3) The end caps and the 
coupling apertures will affect the properties of the microwave 
undulator cavity since it is part of the cavity. In this design, its 
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impact was minimized. It can be designed at short undulator 
length and verified at longer undulator length to save the 
simulation time. (4) the design follows a natural approach and 
the same process can be used for the microwave undulator 
operating at other modes, for example, the higher order HE12 
mode. 
The paper is organized as follows. Section II summarises the 
properties of  a cavity composed of the corrugated waveguide. 
Section III describes the empirical equations to determine the 
dimensions of the end caps. Section IV presents the simulation 
result of  a corrugated cavity for the microwave undulator.  
II. THE PROPERTIES OF THE CORRUGATED WAVEGUIDE 
 
Fig. 1.  Schematic drawing of the corrugated waveguide. 
 
Corrugated waveguides, shown as Fig. 1, have been used in 
applications such as feed horns and transmission lines due to its 
low loss and wide bandwidth [16, 17]. The eigenmodes in the 
corrugated waveguide are the HE/EH modes. The dispersion 
relation of the corrugated waveguide can be accurately solved 
using the mode-matching method [18-20], in which the hybrid 
TE and TM modes are used. However it is not convenient to 
excite the hybrid TE and TM fields with precise amplitudes and 
phases at the same time in finite-difference time-domain 
(FDTD) simulations. Also, the content of the hybrid modes 
strongly depends on the geometry and it is difficult to provide 
a universal design. The dispersion relation can also be derived 
from the surface-impedance approach which has been derived 
in the papers [10, 12, 16, 21], when its dimensions satisfy the 
balanced hybrid condition and a large radius 𝑟1is used to satisfy 
2𝜋𝑟1/𝜆0 ≫ 1. This enables the linearly polarized HE1m mode 
inside the corrugated waveguide to be simplified as follows:  
{
𝐸𝑧 = 𝑎𝑚𝐽𝑚(𝐾𝑟) cos(𝑚𝜙)             
𝐸𝑟 = −𝑗𝑎𝑚
𝑘
𝐾
𝐽𝑚−1(𝐾𝑟) cos(𝑚𝜙)
𝐸𝜙 = 𝑗𝑎𝑚
𝑘
𝐾
𝐽𝑚−1(𝐾𝑟) sin(𝑚𝜙)    
         (1) 
 
where 𝜆0  is the wavelength in free space, and 𝐾  is the 
transverse wavenumber. The dispersion curve can be solved 
from the simplified equation  𝐽0(𝐾𝑟1) = 0. The first two modes 
HE11 and HE12 have the solutions of 𝐾 = 2.4/𝑟1  and 5.5/𝑟1 , 
corresponding to  𝑚 = 1 and 𝑚 = 2 respectively. 
A cavity could be formed simply by closing both ends of the 
corrugated waveguide. However, in this case, the coupling 
apertures would have to be placed on the end wall. Because the 
operating mode had the maximum magnetic field on the end 
caps, the coupling aperture would have a strong influence on 
the eigenfrequency and distort the field pattern of the operating 
mode. 
To reduce the loss at the end walls, it is essential to have 
small electric and magnetic fields at the boundary, as is the case 
for the side wall of the corrugated waveguide. The problem can, 
therefore, be converted to find a perfect electrical conductor 
(PEC) boundary where the electric and magnetic field strengths 
are small. This can be achieved by radiating the HE1m mode into 
free space, then to determine the PEC boundary from the near-
field radiation pattern. 
In this study, the FDTD method was used to simulate the 
near-field radiation pattern. To obtain accurate results the field 
at the end of the corrugated waveguide should match with the 
field pattern of the operating mode from the eigenmode solver. 
This means that it is important to extract the near-field radiation 
pattern at the right time. It is also important that the correct 
mode is excited in the waveguide. Many commercial FDTD 
solvers do not offer an easy way to excite the required HE1m 
mode through a circular waveguide port, for example, CST 
Microwave Studio, only excites TE, TM modes or their 
combinations at the port. 
The open-sourced electromagnetic field solver OpenEMS 
was used in these simulations [22]. OpenEMS solves the 3D 
electromagnetic problems using the FDTD method. The core of 
OpenEMS utilizes C++ and enables multithreading 
calculations, therefore allowing a high-speed simulation. The 
biggest advantage of OpenEMS is that it provides a MATLAB 
interface and the whole simulation process can be controlled 
through a simple MATLAB script. This allows quick 
implementation of the simulation and data post-processing of 
the results, which benefits from the powerful in-built MATLAB 
functions. OpenEMS also allows flexible control of the 
simulation process including defining a custom excitation 
signal and field pattern at user-defined positions. The field of 
the HE modes can be excited using Eq. 1. 
 
Fig. 2.  Near-field radiation pattern of the corrugated waveguide at X=0. 
 
The simulated structure was a few periods of the corrugated 
waveguide. The HE11 mode was excited at the middle of the 
waveguide. The left-hand side of the waveguide was set as a 
waveguide port to reduce the possible reflections. At the right-
hand side, it was set as radiating the electromagnetic wave into 
free space to explore the zero-field boundary. The simulation 
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region in the radial direction was set to be 5 times larger than 
the radiation aperture so that there would be no reflection from 
the simulation boundary. A fine mesh grid was used to allow 
adequate spatial resolution for post-processing of the simulation 
result. The electric fields of each time step at the X=0, shown 
in Fig. 2, where the Y=0 and Z=0 planes were exported for 
further analysis. 
III. EMPIRICAL EQUATIONS TO DETERMINE THE DIMENSIONS 
OF THE COUPLING STRUCTURE 
The -40 dB contour line was used to determine the boundary 
of the end caps and coupling structures. From the near-field 
radiation pattern shown in Fig. 2, the ‘small-field’ boundary 
could be defined as in Fig. 3, which was similar to the one used 
in papers [11, 23]. The geometry was governed by a few 
parameters marked in Fig. 3. The taper part allows a tapering 
field strength and it helps to avoid oscillation caused by the 
relativistic electron bunch experiencing an abrupt field. It also 
provides enough space for the coupling apertures. 
 
Fig. 3.  Definition of the ‘zero-field’ boundary. 
 
The position L  with minimum electric field strength was 
calculated from the field strength distribution along the Z axis. 
Since its interval inside the corrugated waveguide is half of the 
waveguide wavelength λg/2 and its interval is half of the free-
space wavelength λ/2 in the far-field, it is reasonable to rewrite 
L as the function of the number of half periods N and to provide 
universal and scalable results, as shown in Eq. 2.  
                  L(𝑁) =
λ
2
𝑁[1 + F(𝑁)
λg
λ
]         (2) 
The corrugated waveguide is normally overmoded. 
Therefore λg and λ have similar magnitudes. In this study for 
the 36 GHz corrugated waveguide, λg = 9.06 mm  and λ =
8.33 mm [12]. F(𝑁) is a correction function, whose value is 
small and can be obtained numerically by processing the FDTD 
simulation results. It is larger at the first few half periods and 
then becomes smaller. The fitted function plotted in Fig. 4 can 
be written as in Eq. 3. 
                  F(𝑁) = 0.123e−0.213𝑁 + 0.015            (3) 
In a practical design, 𝑁 ≥ 6 can be used to give a small F(𝑁) 
value, as well as to provide more space for the coupling 
apertures. When 𝑁 = 8, the contour lines of -40 dB are shown 
in Fig. 5. The taper angle after linear curve fitting was 53°. It 
denoted the minimum taper angle. A larger taper angle would 
be better however it only had a small effect on the cavity Q 
factor and resonance frequency because the field strength was 
very small. Adjusting the taper angle could be an effective 
approach for fine tuning the resonance frequency. 
 
Fig. 4  The values of the correction function F(𝑁). 
 
The curved profile of the end cap was also studied at different 
𝑁 values by fitting with elliptic and parabolic functions. It was 
found that the curves matched perfectly with a circle at lower 
𝑁 in the range of 6 to 8, and a low ellipticity of 0.24 at higher 
𝑁 larger than 8 as shown in Fig. 6. Further study showed that 
the angle φ was close to 90°, therefore the center of the radius 
of the circle Z𝑐 could be estimated using  
                             Z𝑐 = −R/tanθ         (4) 
where R is the aperture radius of the corrugated waveguide.  
 
 
Fig. 5.  The taper and end cap structure from the simulation. 
 
 
Fig. 6 The shapes of end caps for different N values and the fitted circles.  
  
Besides the electric field pattern studied with the minimum 
strength at 𝑍 = 0 as shown in Fig. 7(a), another typical field 
pattern is the maximum field strength at 𝑍 = 0, as shown in 
Fig. 7(b).  This corresponds to an additional length of λg/4 at 
both sides of the corrugated waveguide. The same analysis was 
carried out in this case, however Eqs. 2-4 should be replaced by 
Eqs. 5-7 with the previous assumptions still valid. Since there 
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is no significant difference between these two cases, only the 
results of the first case are presented in the following sections. 
The L(𝑁) was revised as  
                   L(𝑁) =
λ
2
𝑁 [1 + F(𝑁)
λg
λ
] −
λg
4
      (5) 
The correction function F(𝑁) at different 𝑁 is shown in Fig. 8 
and it only has slight differences compared with Fig. 4. The 
fitted function is 
  F(𝑁) = 0.153e−0.179𝑁 + 0.008                        (6) 
The taper angle is also 53°, and the center of the circle for the 
end cap becomes 
   Z𝑐 = −(R/tanθ − 𝜆𝑔/4)               (7) 
 
 
Fig. 7 The shapes of end caps at different N values and the fitted circles.  
 
 
Fig. 8  The fitted function of F(𝑁). 
IV. THE SIMULATION RESULTS OF THE CORRUGATED CAVITY 
With the analysis from the previous sections, the complete 
microwave undulator cavity was simulated. To save the 
simulation time, 36 periods of the corrugated waveguide were 
used in the simulation using CST Microwave Studio. The 
eigenmode solver was used to calculate the resonance 
frequencies close to the designed operating frequency of 
36 GHz. Tetrahedral rather than hexahedral meshes were used 
to accurately present the curved coupling structure. Oxygen-
free high-conductivity copper, with conductivity of 5.8 ×
107Sm−1, was chosen as the metal material in the simulation to 
calculate the Q factor of the corrugated cavity. 𝑁 = 6  was 
chosen to calculate the other geometry parameters. Parameter 
sweeps were used to determine the final parameters as well as 
their sensitivity. The results are shown in Fig. 9. 
The most sensitive parameter was L. The cavity size 
increased as it increased, and resulted in the reduction in the 
eigenfrequency. There was ~0.3 mm tuning region of L, 
corresponding to a frequency tuning range of 0.13 GHz, where 
the Q factor did not change significantly. Tuning the position of 
Z𝑐  had similar performance with L however it was not as 
sensitive compared with L. When ∆Z𝑐 = −0.3 mm , the 
maximum Q factor was achieved. As had been predicted, the 
eigenfrequency and Q factor were insensitive to the taper angle 
as long as its value was larger than 44°. The parameter scan 
showed that the maximum Q factor could be achieved when 
θ was in the range of 48° to 52°. At a larger angle, although the 
eigenfrequency did not change much, the Q factor dropped 
quickly because of the field pattern distortion. The final 
parameter set was chosen from the parameter scan results in the 
sequence of L, Z𝑐 and θ. Table 1 shows the comparison of the 
parameter values and their performance from the empirical 
equations and final chosen values. In both cases, the most 
sensitive parameter L were very close in value. The difference 
in the eigenfrequency was negligible. The improvement on the 
Q factor was about 3.4%.    
 
TABLE I Comparison of the initial parameter values and the optimized results 
Parameters Initial values Optimized values 
R 10.10 mm 10.10 mm 
L 26.33 mm 26.30 mm 
Zc -7.61 mm -7.91 mm 
θ 53.0° 50.8° 
φ 90.0° 90.0° 
Eigen frequency 36.01 36.02 
Q factor 86210.1 89122.5 
 
 
(a) 
 
 
(b) 
 
> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 
5 
 
(c) 
Fig. 9  Results of sweeping the geometry parameters. 
 
The design had minimized the effect of the end caps on the 
cavity was well as keeping the resonance frequency unchanged, 
it showed good scalability with regard to a different number of 
periods of the corrugated waveguide section, as shown in 
Fig. 10. The difference in the resonance frequency of less than 
0.04% was observed. Because the end caps have larger Ohmic 
loss than the corrugated waveguide, when the period number 
increases, the average loss per unit length decreases, therefore 
the Q factor increases. The distribution of the electric field of 
the microwave undulator cavity with 72 regular periods on the 
X-Z plane is shown in Fig. 11. The coupling apertures of 
standard WR28 waveguide were placed at the position of 
minimum electric field, and its impact on the cavity properties 
can be neglected. 
 
Fig. 10  Cavity Q factors and eigenfrequencies at different period number of the 
corrugated waveguide. 
 
 
Fig. 11 Electric field pattern of the microwave undulator with 72 regular 
periods. 
V. CONCLUSION 
In this paper, a set of empirical equations was obtained from 
the FDTD simulation to get a fast prediction of the geometric 
parameters of the microwave undulator using a corrugated 
waveguide. The equations were normalized to the free-space 
wavelength therefore it is scalable for different operating 
frequencies. The design of the end caps and coupling aperture 
has minimum effect on the cavity resonance frequency and 
quality factor. Therefore, it is also scalable for different period 
numbers.   
The same design process can be used for a cavity operating 
with higher order modes to increase the dimensional size when 
the microwave undulator operates at a higher frequency. For 
example, the HE12 mode has a waveguide radius 2.5 times 
larger than when operating with a HE11 mode, but this will 
significantly increase the simulation time. The method 
presented in this paper can help to shorten the time used to 
design the microwave undulator cavity. 
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